In this paper we develop an aft-body loading function for penetration simulations that is based on the spherical cavity-expansion approximation. This loading function assumes that there is a preexisting cavity of radius a o before the expansion occurs. This causes the radial stress on the cavity surface to be less than what is obtained if the cavity is opened from a zero initial radius. This in turn causes less resistance on the aft body as it penetrates the target which allows for greater rotation of the penetrator. Results from simulations are compared with experimental results for oblique penetration into a concrete target with an unconfined compressive strength of 23 MPa.
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Introduction
Computational modeling of penetration and perforation remains an active field of esearch. A literature search on this topic reveals numerous recent publications that propose new methods or improve existing ones. There has been considerable effort and progress in the development of various codes (based on different representations of the conservation laws for a continuum: Lagrangian, Eulerian, Arbitrary Lagrangian-Eulerian, etc.) that serve as powerful and versatile computational tools which are used to solve complex problems. However, at present, the time required to complete a single penetration run is still excessive and prohibits any prospect for streamlining the penetration analysis for use as an overall design tool that would permit numerous simulations.
In cases where the deformation of the target can be captured by a known analytical model and where the primary interest is in the structural response of the projectile, the penetration analysis can then be reduced to modeling the projectile by itself. The target is replaced by a known forcing function that approximates its resistance. This eliminates the need to model the target and furthermore eliminates the need for a contact algorithm, which leads to substantial savings in execution time.
For the penetration of targets that have an angle of obliquity and/or angle of attack there is an unsymmetric loading that acts on both the nose and shank of the projectile. To account for the loading on the shank, we have developed a new model which applies a load on the shank of the projectile that is less than that which acts on the nose of the projectile. Models have been developed by Longcope et al. [1] and Warren and Poormon [2] that consider a cavity in a finite domain of target material to model free surface effects. In this present work we consider a spherical cavity that is expanded from a non-zero initial radius equal to the radius of the shank of the projectile. The motivation for this approach is that frequently in penetration events, a tunnel is created over most of the trajectory and its cross-section is approximately that of the aft-body.
We envision that the nose creates the tunnel and the aft-body elongates the cross-section a small amount. The velocity dependent radial stress at the cavity surface of the target material is then applied to the shank of the projectile producing less resistance than that of a cavity being opened up from a zero initial radius. This new model will then be employed with the PRESTO/CE methodology [3] . Results from the computer simulations are compared with experimental data for projectiles striking 23 MPa concrete targets at oblique angles [4] .
Analytical Model
Analytical methods for penetration mechanics began with the work of Bishop, Hill, and Mott [5] . They developed equations for the quasi-static expansions of cylindrical and spherical cavities and used these equations to estimate forces on conical nose punches pushed slowly into metal targets. Goodier [6] developed a model to predict the penetration depth of rigid spheres launched into metal targets. His penetration model included target inertial effects, and he approximated the target response by results from the dynamic, spherically symmetric, cavityexpansion equations for an incompressible target material derived by Hill [7] and discussed by Hill [8] and Hopkins [9] . In more recent work [10] [11] [12] [13] [14] it has been shown that the radial stress at the cavity surface obtained from spherical cavity-expansion models can be accurately represented by a function of the form ( )
where n V is the target particle velocity at the cavity-target interface, a is the cavity radius, and 3 2 1 and , , c c c are the cavity expansion fitting coefficients. The expression given in (1) is also consistent with the semi-empirical model developed by Forrestal et al. [15] for penetration into concrete targets.
The present analysis considers the dynamic, spherically symmetric expansion of an initial spherical cavity. Additionally, we assume that the material is incompressible which allows a closed-form representation of the response. Then the equations of momentum and mass conservation are
where σ r ,σ θ are the radial and hoop components of the Cauchy stress, measured positive in compression, and ρ is the constant density of the material. Particle displacement u and particle velocity υ in the radial direction (outward motion taken positive) are related by
The assumption of incompressibility allows the equation for conservation of mass given by (2b) to be directly integrated to give
where a and a & are the radius and expansion velocity of the spherical cavity. We first consider the elastic response. Using (4) 
where 0 a is the initial cavity radius. The small elastic strains are ( ) 
where the strains are positive in compression. Using Hooke's law with Poisson's ratio equal to 1/2 and (6) gives
where E is Young's modulus. Conservation of momentum becomes 
where the convective term in the equation of momentum conservation has been retained.
Integrating (8) and assuming a constant expansion velocity (as in Forrestal et al. [12] where the 
where f(t) is an arbitrary function of time. If the radial stress is taken to vanish at infinity, then
. It follows that the elastic radial stress at the cavity surface is ( ) 
As the radial deformation increases plastic deformation occurs. The material in the plastic region, b r a ≤ ≤ , is described by an incompressible Mohr-Coulomb yield criterion as discussed in Forrestal and Longcope [16] and Forrestal and Tzou [13] . Thus,
where p is the pressure, λ and τ define the pressure-dependent shear strength, and Y is the uniaxial compressive strength. By rearranging (11) , it follows that 
Integrating (13) for a constant expansion velocity using the integrating factor 
where B(t) is an arbitrary function of time to be determined from the conditions at the elasticplastic interface.
We now use the interface conditions at r=b to complete the solution. At the elasticplastic interface the radial stress is continuous; therefore, equating (9) with f(t) = 0 and (14) at b 
The radial stress at the cavity surface is ( ) 
Next, we need an expression for a/b. As opposed to assuming the pressure is equal to zero in the elastic region as done by Forrestal and Tzou [13] and Warren et al. [17] we obtain an expression by using the Mohr-Coulomb expression (11) with Hooke's law (7) and equation (9) evaluated at the elastic-plastic interface b which gives
This result indicates that a/b is a function of expansion velocity a & and initial radius o a .
Results
Experiments were conducted using an 83-mm-diameter, smooth-bore powder gun that We consider the expansion of a spherical cavity in incompressible 23 MPa concrete. The parameters for this material [4] are given in Table 1 . The first step in evaluating the radial stress at the cavity surface is to solve (17 and a/a o in (16) to obtain the radial stress at the cavity surface as shown in Fig. 3 . It is observed that as a/a o increases the value of the radial stress at the cavity surface becomes constant. The constant values of radial stress, obtained in the limit as a/a 0 approaches infinity, agree with the results of Forrestal and Tzou [13] when we set λ = 0 and neglect the convective derivative in the momentum equation in the elastic region. We modeled the penetration experiments with the finite element code PRESTO [3] using the spherical cavity-expansion option. The penetrator mesh had 45294 constant strain hexahedral elements with 52776 nodes, and a cut away view of the mesh is shown in Fig. 4 . The penetrator case and all of its components were modeled using an elastic-plastic linear hardening constitutive model. The values of the material constants for this constitutive model, which represent steel and aluminum, are given in Table 2 . The cavity-expansion constants for the nose of the projectile were obtained using the method developed by Forrestal and Tzou [13] for a compressible plastic-cracked-elastic Mohr-Coulomb material with the parameters given in Table 1 and a tensile strength value of 0.1Y. Free surface effects described by Longcope et al. [1] and defined by the constant S f were only applied to the nose of the projectile and the new aft-body loading effect model was applied to the shank.
Radial stress on the cavity versus expansion velocity curves for the aft-body was obtained from the curves of Fig. 3 A summary of the cavity expansion constants for the nose and aft-body are given in Table 3 . In Fig.6 we compare the radial stress on the nose with the radial stress on the aft-body 
Conclusions
In this report we developed an aft-body loading model based on the expansion of a spherical cavity from an initial, finite radius. This spherical cavity-expansion model was used in conjunction with finite element simulations of penetrators striking 23MPa concrete targets at oblique angles. Comparisons of simulated penetrator rest angles with the observed rest angles showed reasonable agreement. The best correlation (with an average error of -3.05%) occurred for the aft-body loading obtained from a finite cavity having a strain of 0.412%. This aft loading is considerably less than the usual cavity expansion nose loading obtained by expanding a cavity from zero initial radius.
